The mean-centered cuboidal (or m.c.c.) lattice is known to be the optimal packing and covering among all isodual three-dimensional lattices. In this note we show that it is also the best quantizer. It thus joins the isodual lattices Z, A 2 and (presumably) D 4 , E 8 and the Leech lattice in being simultaneously optimal with respect to all three criteria.
Introduction
An isodual lattice [10] is one that is geometrically similar to its dual. Let Λ be an n-dimensional lattice and let V denote the Voronoi cell containing the origin. We may assume Λ is scaled so that V has unit volume. Three important parameters of Λ are the packing radius (the in-radius of V ), the covering radius (the circum-radius of V ) and its quantization error, which is the normalized second moment
(see [8] , also [11] , [12] , [13] ).
It is known that the face-centered cubic (or f.c.c.) lattice A 3 has the largest packing radius of any three-dimensional lattice (Gauss), while its dual, the body-centered cubic (or b.c.c.) lattice A * 3 has both the smallest covering radius [1] and the smallest quantization error [2] . In [10] it was shown that among all isodual three-dimensional lattices, the mean-centered cuboidal (or m.c.c.) lattice has the largest packing radius and the smallest covering radius.
The m.c.c. lattice, denoted here by M 3 , has Gram matrix 1 2 lattice received a brief mention in [3] and was studied in more detail in [10] . It also arises from the period matrix of the hyperelliptic Riemann surface w 2 = z 8 − 1 [4] .
The purpose of this note is to prove:
is the optimal quantizer among all isodual three-dimensional lattices.
In higher dimensions, less is known. The lattice D 4 is optimal among all four-dimensional lattice packings, and has a lower quantization error than any other four-dimensional lattice presently known (see [8] for references). It is not the best four-dimensional lattice covering (A * 4 is better), but it is isodual and may be optimal among isodual lattices with respect to all three criteria.
Similar remarks apply to the isodual eight-dimensional lattice E 8 (again A * 8 is a better covering but is not isodual). In 24 dimensions the isodual Leech lattice is known to be the best lattice packing [6] , and may well also be the optimal covering and quantizer.
Proof of Theorem 1
We will specify three-dimensional lattices by giving Gram matrices and conorms (or Selling parameters) -cf. [7] , [9] , [10] . It was shown in [10] that, up to equivalence, indecomposable isodual three-dimensional lattices of determinant 1 have Gram matrices of the form
where α, β are any real numbers satisfying 0 < α < 1, 0 < β < 1; and decomposable lattices have
where α, β, h are any real numbers satisfying 0 ≤ 2h ≤ α ≤ β, αβ − h 2 = 1.
In the indecomposable case the nonzero conorms are:
where γ = 2 − αβ; in the decomposable case they are:
The m.c.c. lattice corresponds to the case α = β = 2 − √ 2 of Eqs. (2) and (4).
From [2] we know that the normalized second moment (1) for a decomposable or indecomposable three-dimensional lattice Λ is given by
where D = det Λ, For our lattices, D = 1.
We first consider the indecomposable case. From (4), (6) we find that
where
It turns out that there is exactly one choice for (α, β) in the range 0 < α < 1, 0 < β < 1 for which both partial derivatives 
Again we solve shows that the m.c.c. lattice is the only isodual lattice where G has a local minimum.
